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Rendering Equation
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MC estimator
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Multiple Importance Sampling
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Light source importance sampling
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BRDF importance sampling
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Multiple Importance Sampling

Bounds for unbiased estimator
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Multiple Importance Sampling
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(a) Sampling the hight sources (b) Sampling the BRDF (¢) A combination of samples from (a) and (b).

Eric Veeach and Leonidas J. Guibas. 1995. Optimally Combining Sampling Techniques for
Monte Carlo Rendering. Proc. SIGGRAPH "95.



Previous work — Balance and power heuristics

[n;p; (x)]°

P.(x) =
wWEi) Y k=1 [Mkpr (x)]5

 Balance heuristic

« B=1

« No other combination strategy can have significantly lower variance than balance heuristic

« Power heuristic

¢« B> 1

« Better suited for low-variance problem.



Previous work — control variates

m : unbiased estimator
t : random variable
E[t] = 1

Let m* = m + c(t — 1)

E(m*) = 0 : m* is unbiased
Var(m?*) = Var(m) + c2Var(t) 2cCov(m, t)

Cov(m,t)
Var(t) '

When c = —

Var(m*) = (1 — pg)Var(m) is minimum

Var(m*) = (1 — p& )Var(m) < Var(m)

Pt = Corr(m,t)
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Object

Find optimal weights, w,(i=1, ..., N), that minimize variance of <F>

- Given set of sampling techniques and fixed sampling allocation
- le. p; and n; (i = 1, ., N) are given

(F)=+= _ i i {XU)

p—con ‘ Var(<F>) is minimum
iPi\Adj

i=1 j=1



Motivation

I Var: 0.158 (baseline)

Var:0.123 (1.3x | )

Var: 0.0442 (3.6x | ) |
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a) integrand and sampling

techniques

W

b) balance heuristic
weights
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Setting

1. One-demension

2. Three sampling
techniques

3.  One sample is
taken from each

¢) power heuristic weights

d) best-technique
heuristic weights

One best Importance sampling > MIS !l

Robustness can lead to low efficiency




Motivation

Eric Veach and Leonidas J. Guibas. 1995.
Optimally Combining Sampling Technigues for
Monte Carlo Rendering. Proc. SIGGRAPH ‘95.

Bounds for unbiased estimator

fx)#£0= TN, wilx) =1,
pi(x) =0= wi(x) =0,




Motivation

Bounds for unbiased estimator

fx)#£0= TN, wilx) =1,
pi(x) =0= wi(x) =0,

Eric Veach and Leonidas J. Guibas. 1995.
Optimally Combining Sampling Technigues for
Monte Carlo Rendering. Proc. SIGGRAPH ‘95.

Optimal Multiple Importance Sampling (This paper)
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Optimal MIS weights

PROBLEM 1. Given the MIS estimator (1), minimize the functional
Viwi,...,wN] = V[(F)] in terms of weights w;, while maintain-
ing the constraints Zil wi(x) = 1 and pi(x) = 0 = wi(x) = 0,
and keeping the number of samples n; and probability densities p;
fixed.




Optimal MIS weights

THEOREM 5.2. Let the column vector & = (a1, ...,aN)T satisfy
the system of linear equations

Aax =b, (12)

where A andb are the technique matrix and the contribution vector,
respectively. Then the weighting functions

o D) :pz(x) Y7Ly apj(x)
f(x) ._1 njpj(x) (1 f(x) ) 13)

wi(x) =

minimize the functional V|wy, ..., wy]|.

f(Xij) Efﬂﬂkpk(xfj) (16)
PL‘(XU} Pc(Xr'j) .

N 1 N
(FY = ) ai + EZ
i=1




Optimal MIS weights

Var: 0,158 (baseline) Var: 0123 (1.3x | ) Var: 0.0442 (3.6x | ) Var: 0.0176 (9% | )

Var: 1.33 (baseline) Var: 1.33(1x | ) Var: 1.26 (1.05x | )
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1 2 3 - 1 2 3 4 1 2 3 - 1 2 3

a) integrand and sampling b) balance heuristic c) power heuristic weights d) best-technique e} optimal weights
lechniques weights heuristic weights {unconstrained sign)




Theoretical contribution

Control variates

Optimal MIS

estimator

Balance heuristic




Theoretical contribution — control variates

f(Xij) Eszl arpi(Xij)

. (16)
PE(XU} Pc[Xr'j)

N N
Optimal MIS estimator | (r=) a+ ! Z

Control variates .




TheOretical COntribUtion — relation to balance heuristic
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VI(FY] = VI{E\1 — vi(gyY1 ~ =) | Optimal MIS variance <=
(7] UF)] 1G] Balance heuristic variance




Experiment

1. Estimate A and b
2. Estimate a by Aa= b
3. Estimate <F>by equation 16

1) Progressive estimator

Updating A, b, a, and F for each iteration

2) Direct estimator

THEOREM 5.2. Let the column vector & = (a1, ...,aN)T satisfy

the system of linear equations
Aa =b, (12)

where A andb are the technique matrix and the contribution vector,
respectively. Then the weighting functions

pi(x) nipi(x) ~ 3Ly aipj(x)
(1 70 13)

wi(x) = a;

i et
&) 3N nipjtx)

minimize the functional V]wy, .. ., wn |-

N N n; f(Xij) B Z}:’Ll agpr(Xij)

o | 1
(F)y = Za; Y, ZZ Pe(Xij) Pe(Xij)

i=1 i=1 j=1

. (16)

N nj N nj
(A) = ZZWUWL—: (b) = Z Zf(Xij}Sij Wij,

i=1 j=1 i=1 j=1

Sij = (Ele ”kPk{XU})_l

Updating A and b for each iteration, and then

calcuating a and F



Experiment

Var: 0.0176 (9x | )
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e) optimal weights
(unconstrained sign)
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Application

Reference
Staircase Il

Application I: Defensive sampling
Techniques: Trained + Uniform

Power heuristic Optimal weights
MSE 10 (baseline) MSE 3.8 (2.7x)
Time 122 s Time 125s

Application Il: New technique
Techniques: Trained + NoMax

Power heuristic
MSE 8 (1.3x)
Time 13.1s

Optimal weights
MSE 1 (9.9x)
Time 134 s

Individual techniques

Trained
technique

MSE 9.0 (1.1x)
(App. 1 & 1I)
[App. | e 3

technique z’ﬂ iy
MSE 750 (.01x) 1
(App. 1) #1205

NoMax
technique
(biased)
(App. 1)

MIS weights

Power heuristic Optimal weights
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