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Rendering Equation
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MC estimator
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Multiple Importance Sampling

Light source importance sampling

glossy

BRDF importance sampling
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Multiple Importance Sampling
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Bounds for unbiased estimator
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Multiple Importance Sampling

Small light Big light

Glossy

Diffuse

Eric Veach and Leonidas J. Guibas. 1995. Optimally Combining Sampling Techniques for
Monte Carlo Rendering. Proc. SIGGRAPH ‘95.



Previous work – Balance and power heuristics

wp
i x =

[nipi(x)]
𝛽

σk=1
N [nkpk(x)]

𝛽

• Balance heuristic

• β = 1

• No other combination strategy can have significantly lower variance than balance heuristic

• Power heuristic

• β > 1

• Better suited for low-variance problem.



Previous work – control variates

m : unbiased estimator 

t : random variable

E[t] = 𝜏

Let m* = m + c(t – 𝜏) 

E(m*) = 0 : m* is unbiased

Var(m*) = Var(m) + c2Var(t) 2cCov(m, t)

When c = −
Cov(m,t)

Var(t)
, Var(m*)  = (1 − 𝜌m,t

2 )Var(m) is minimum

Var(m*)  = (1 − 𝜌m,t
2 )Var(m) ≤ Var(m) 

𝜌m,t = 𝐶𝑜𝑟𝑟(𝑚, 𝑡)
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Object

Find optimal weights, wi(i=1, …, N), that minimize variance of <F>

- Given set of sampling techniques and fixed sampling allocation

- i.e. pi and ni (i = 1, .., N) are given

Var(<F>) is minimum



Motivation

One best Importance sampling > MIS !!! 

Setting
1. One-demension
2. Three sampling 

techniques
3. One sample is 

taken from each

Robustness can lead to low efficiency
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Eric Veach and Leonidas J. Guibas. 1995.
Optimally Combining Sampling Techniques for
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Optimal Multiple Importance Sampling (This paper)
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Theoretical contribution

Control variates 

Optimal MIS 
estimator

Balance heuristic



Theoretical contribution – control variates

m = c = -1 t = 𝜏 = 

𝐸(𝑡) σ𝑘=1 =
𝑁 𝑎𝑘𝑝𝑘 𝑥 𝑑𝑥 = σ𝑘=1

𝑁 𝑎𝑘 = 𝜏

Optimal MIS estimator

Control variates
m* = m + c(t – 𝜏), E(t) = 𝜏



Theoretical contribution – relation to balance heuristic

𝐿𝑒𝑡 𝑔 𝑥 = 
𝑘=1

𝑁

𝑎𝑘𝑝𝑘(𝑥) 𝑎𝑛𝑑 𝑝𝑐 𝑥 =
𝑖=1

𝑁

𝑐𝑖𝑝𝑖

Balance heuristic

Optimal MIS variance <= 
Balance heuristic variance



Experiment

1. Estimate A and b

2. Estimate 𝛼 by A𝛼= b

3. Estimate <F>by equation 16
1) Progressive estimator

Updating A, b, 𝛼, and F for each iteration

2) Direct estimator

Updating A and b for each iteration, and then

calcuating 𝛼 and F 
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Application



Thank you


